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8. Let L be any n-dimensional vector space defined over the field of complex
numbers. Let &'V, ..., 5" be any basis. If arbitrary vectors x and y
have representations

" "
- tk) - (k)
® z.lhb v ¥ Eﬁ b
show that the definition
(x, y) = .gl ExTle
has all the properties (1) required of an inner product, Find orthogonal

unit vectors with respect to this inner produet.

4. Let a',...,a™ be linearly independent vectors over the fleld of complex
numbers. Define oy = (o')*s’ = (@', a'). SBhow that det (a,) =0 by
showing that an eigenvector x of the matrix (@) belonging to the eigen-
value 0, would satisfy the relation || X zet|? = 0.

5* Define a',...,a™ and oy as in Problem 4. Let ' = a'. Define the
vectors ©f, . . ., v" by the “determinanta™
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where we expand by the Ilset row. For instance, ¢ = oy — apa'.
Show that the vectors u', . .., u™ created by the Gram-Schmidt prooesa
are gealor multiples

ut = vk (Fe=1,...,m)

Find the scalars p, ..., p in terms of & = det ()i, j=1,..., k).
Note that (o*, v*) = (v*, Az_,a*) because v* is orthogonal to a, ..., a*!
and because the coefficient of a* is A, in the expansion of +* as & linear
combination of a?, . .., a¥*.

4.6 PRINCIPAL AXES OF ELLIPSOIDS

For dimension # = 2 or n = 3, an ellipse or an ellipsoid centered at the
origin is represented by an equation

ay&] + @yl + - - A Guaah + EEJ“IFWJ =1

or, if we define @, = a, for i = j,

= _E.‘. gty = 1 (1)

1.4

Let A= (a,)i,j=1,...,n). The real matrix 4 is called symmetric
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hecause a; = ay for all i # j. In terms of the inner product, the equation
(1) takes the form

(dz,x) =1 (2)

ginoe « has real components.

A principal axis of the ellipsoid is a vector extending from the origin to
a point x on the ellipsoid such that the vector is normal to the ellipaoid at
the point x. For n = 2, there is an illustration in Figure 4.1.
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Figure 4.1

An ellipse has two independent prinecipal axes. An ellipsoid, in three
dimensions, has three independent principal axes. From analytic geometry
we know that the principal axes are, or may be chosen to be, mutually orthogonal,
and we shall prove and generalize this result in the next section. The cautious
phrase “or may be chosen to be" refers to spheres or other ellipsoids of revalu-
tion, for which the choice of three mutually orthogonal principal axes is
not unigue,

We will now show that the principal axes of an ellipsoid are the eigenvectors
of the real, symmetric matriz A = (o). From caloulus we know that a
differential dz = (dx,, . .., dr,) on a surface ¢{z,, . . ., x,) = const, satizfies
the relation

d¢=%dx,+~-~+§‘£dm=ﬂ (3)

The vector grad ¢ = (dfdx)ik =1,...,n), being normal to all differ-
entials dr = (dx;) near the point x, is therefore a vector normal to the surface
i = eonst at the point 2. Letting ¢(z) be the guadratic form & ¥ a; @z, we
may compute the normal vector to the ellipsoid ¢ = 1:

By the rule for differentiating a product,

& &x ax
%fl} = BT:IJ + xl,E:' = au-f" + :r;ﬁ_,t {5}
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Inserting (5) in (4) and summing, we find

(Z) = (3 aury + 3 au) (®)
Sinee ay = ay, we thus have
(2)-eSam =242 (@)
(Ax, x)=|

The normal vector Ax and the radial
Ay  veetor z are illustrated in Figure 4.2. The
vector x in the figure is clearly not a prin-
cipal axis because it does not have the
same direction as Az, The equation defin.
ing a principal aris x is
Figure 4.2 Ax = Az (for some scalar ) (8)
where (dz, x) = 1. SBines & 5= 0, a principal axis is an eigenvector of A,
The length of the principal axis associated with the eigenvalue A, 18 1/ A, .
To see this, take the inner product of both sides of (8) with =:
(Az, z) = (A, z) (9}

But (Az, x) = 1 for a point x on the ellipsoid, and (Az, z) = A||z||*. Now
(0) states 1 = A |[«||*, which yields the length ||z]| = 1/+/A. Evidently,
@ quadratic form (Ax, x) = 1 representing an ellipsoid must come from a mairiz
with posilive elgenvalues,

Examerr 1. Consider the ellipse

o + 2y, + Bad =1 (10)
This equation states that (4=, x) = 1, where
11
A=
[1 3} {11}

The eigenvalues of A are the roots of A* — 40 + 2 = 0. Thus,

- T S M S PN
The principal axis ! belonging to A, satisfies

{M_Ak:[l«kﬁ. — =" o
=k —1+~="f][x:"]_[n]
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Therefore, the first principal axis equals

00 a[l 1+ ﬁ] (£ = oconst) i {12)
Similarly, it is possible to compute the second principal axis
) — 1 —
2 ﬁ[l _ ﬁ] (8 = const) (13)

bserve that the azes x' and x'*" are orthogonal, The constants o and &
could be determined so that ' and =™ both lie on the ellipse (10), Further,

”xtll || i :,-"lr == {2 + 21.-‘:}4.“1. ||xm Il s :}_?: = (2 — ﬁ}—u: {14)

The principal azes yicld natural coordinates for an ellipsoid (Ax, x) = 1.
Define mutually orthogonal unit vectors w', w®, ..., «* by dividing the
principal axes by their lengths. Let an arbitrary vector x be represented as
a lincar combination

z=gu' + g + - + {15}

The numbers y,, ¥y, . - . are coordinates with respect to the orthogonal basis
u', ut, . ... We now have

Az = g’ + hgu + -0 4 gaiau® (16)

hecause the principal axes are eigenvectors of 4. Since (uw!, ¥*) = &y, the
equation (4z, ) = 1 becomes

(Zyp, Byawt) =1 (17}

ar
2 E yhydp =1 {18)

ar
My At A= (19)

In matrix notation, let I7 be the unitary matrix with columns that are
the normalized axes w', . .., w" Then (15) states £ = Uy. Now

But we readily verify that (z, Uy) = (™2, y) for any 2, by the definition of
the inner product. Setting = = AUy, we have







