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Language Identification in the Limit

E Marx GorLp*

The RAND Corporation

Language learnability has been investigated. This refers to the fol-
lowing situation: A class of possible languages is specified, together
with a method of presenting information to the learner about an un-
known language, which is to be chosen from the class. The question
is now asked, ‘“Is the information sufficient to determine which of the
pussible languages is the unknown language?’” Many definitions of
learnability are possible, but only the following is considered here:
Time is quantized and has a finite starting time. At each time the
learner receives a unit of information and is to make a guess as to the
identity of the unknown language on the basis of the information
received so far. This process continues forever. The class of languages
will be considered learnable with respect to the specified method of
information presentation if there is an algorithm that the learner can
use to make his guesses, the algorithm having the following property:
Given any language of the class, there is some finite time after which
the guesses will all be the same and they will be correct.

In this preliminary investigation, a language is taken to be a set of
strings on some finite alphabet. The alphabet is the same for all lan-
guages of the class. Several variations of each of the following two
basic methods of information presentation are investigated: A text for
alanguage generates the strings of the language in any order such that
every string of the language occurs at least once. An informant for a
language tells whether a string is in the language, and chooses the
strings in some order such that every string occurs at least once.

It was found that the class of context-sensitive languages is learn-
able from an informant, but that not even the class of regular lan-
guages is learnable from a text.

1. MOTIVATION: TO SPEAK A LANGUAGE
The study of language identification deseribed here derives its motiva-
tion from artificial intelligence. The results and the methods used also
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have implications in computational linguistics, in particular the eop.
struction of discovery procedures, and in psycholinguistics, in particulgy
the study of child learning. These implications are discussed in Section 4.

I wish to construct a precise model for the intuitive notion “able o
speak a language” in order to be able to investigate theoretically how it
can be achieved artificially. Since we cannot explicitly write down the
rules of English which we require one to know before we say he can
“speak English,” an artificial intelligence which is designed to speak
English will have to learn its rules from implicit information. That ig,
its information will consist of examples of the usc of English and/or of
an informant who can state whether a given usage satisfies certain ruleg
of English, but cannot state these rules explicitly.

For the purpose of artificial intelligence, a model of the rules of usage
of natural languages must be general enough to include the rules which
do oceur in existing natural languages. This is a lower bound on the
generality of an acceptable linguistic theory. On the other hand, the con-
siderations of the last paragraph impose an upper bound on generality:
For any language which can be defined within the model there must
be a training program, consisting of implicit information, such that it
it possible to determine which of the definable languages is being pre-
sented.

Therefore this research program consists of the study of two subjects:
Linguistic structure and the learnability of these structures. This re-
port describes the first step of this program. A very naive model of
language is assumed, namely, a language is taken to be a distinguished
set, of strings. Such a language is too simple to do anything with (for
instance, to give information or to pose problems), but it has enough
structure to allow its learnability to be investigated as follows: Models
of information presentation arc defined, and for each I ask “For which
classes of languages does a learning algorithm exist?”’

In the second step of this program (Gold, 1966), which will not be
discussed here, nontrivial models of the usages of language arc con
structed. The next step will be to return to learnability theory and de-
termine whether reasonable training programs exist for linguistic struc-
tures of this type.

2. LANGUAGE IDENTIFICATION MODELS

Appendix IT lists intuitive definitions of some of the terminology of
recursive theory used herein. ‘
Let A be a finite set (the alphabet of the languages to be considered)

s
A
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and =4 represent the set of all finite strings of elements from 4. A is
to be considered fixed throughout this paper. The results presented in
the next chapter are independent of the cardinality of 4 so long as it
is not void. A language L will signify any subset of 4. In an actual
language this may represent, for instance, the set of meaningful strings
of words.

A language learnability model will signify the following triple:

1. A definition of learnability.

2. A method of information presentation.

3. A naming relation which assigns names (perhaps more than one) to
languages. The “learner” identifies a language by stating one of its
names. The names could be called grammars.

Only one definition of learnability, which will be called identifiability
in the limit, will be considered here. Six alternative methods of informa-
tion presentation and two alternative naming relations will be considered,
making a total of twelve models of language learnability. The definitions
will now be given, and the results are stated in Section 3. The proofs
are In Appendix I. The basic ideas behind the proofs are described in
Sections 7 and 9. )

Time will be taken to be quantized and start at a finite time:

t=1,2, ---

At each time ¢ the learner is presented with a unit of information 1
concerning the unknown language L. In any language learnability
model, the method of information presentation consists of assigning to
each I a set of allowable training sequences, 7 , %2, - -

LearNABILITY. At each time ¢ the learner is to make a guess g, of a
hame of L based on the information it has received through time ¢,
Thus the learner is a function G which takes strings of units of informa-
tion into names:

ge = G(11, Cee ).

L will be said to be wdentified in the limit if, after some finite time, the
8uesses are all the same and are a name of L. A class of languages will
be called tdentifiable in the limit with respect to a given language learn-
wbility model if there is an effective learner, i.e., an algorithm for making
8uesses, with the following property : Given any language of the class and
8ven any allowable training sequence for this language, the language will
be identified in the limit.

For each of the 12 models of language learnability the following ques-
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tion has been investigated (the results are in the next Section): Which
classes of languages are identifiable in the limit? Note that identifiabil-
ity (learnability) 1s a property of classes of languages, not of individual
languages.

In the case of identifiability in the limit the learner does not neces-
sarily know when his guess is correct. He must go on processing informa-
tion forever because there is always the possibility that information
will appear which will force him to change his guess. If the learner were
required to know when his answer is correct (this is equivalent to “finite
identifiability”’ defined in Section 6), then none of the classes of lan-
guages investigated in the next chapter would be learnable in any of the
learnability models. My justification for studying identifiability in the
limit is this: A person does not know when he is speaking a language
correctly; there is always the possibility that he will find that his gram-
mar contains an error. But we can guarantee that a child will eventually
Jearn a natural language, even if it will not know when it is correct.

InFORMATION PrESENTATION. Two basic methods of information
presentation will be considered, “text” and “informant.” Three varia-
tions of each will be defined.

A fext for L is a sequence of strings zy, &2, -~ from L such that every
string of L occurs at least once in the text. At time ¢ the learner is
presented z, . Note that for any given language many texts are possible.
The three variations of this method of information presentation to be
considered are obtained by putting different restrictions on the class of
allowed texts:

1. Arbitrary Text: x, may be any function of ¢.
9. Recursive Text: x, may be any recursive function of ¢.
3. Primitive Recursive Text: T, may be any primitive recursive function

of t.

An informant for L can tell the learner whether any string is an ele-
ment of L, and does so at each time ¢ for some string y, . Three types of
informant will be considered; these differ in how the y, are chosen:
1. Arbitrary Informant: y. may be any function of ¢ so long as every

string of T4 occurs at least once.
2. Methodical Informant: An enumeration is assigned a priori to the
strings of T4, and y. 1s taken to be the tth string of the enumeration.
3. Request Informant: At time ¢ the learncr chooses y: on the basis of
information received so far.
Naming Rerarion. Two naming relations will be considered, “tester”

i
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and ‘“‘generator.” In both cases a name of a language, i.c., a grammar,
will be a Turing machine: A fester for L is a Turing machine which is a
decision procedure for L, that is, the Turing machine defines the func-
tion from strings to natural numbers which has the value 1 for strings
in L and O for strings not in L. A generator for L is a Turing machine
which generates L, that is, it defines a function from positive integers to
strings such that the range of this function is exactly L. A tester exists
iff L is recursive and a generator exists iff L is recursively enumerable.

Two language learnability models will be called equivalent if exactly
the same classes of languages are identifiable in the limit with respect,
to either model. Two naming relations will be called equivalent if, for
every method of information presentation, the two language learnability
models obtained by using these naming relations are equivalent. Simi-
larly, two methods of information presentation will be called equivalent
if every naming relation yields two equivalent language learnability
models.

Suppose two naming relations are effectively intertranslatable. That
is, suppose there is an algorithm for each of the naming relations which,
given a name of a language in this naming relation, would yield a name
of the language in the other. Then these are equivalent naming relations.

It is well known that it is possible to effectively translate from testers
to generators. Therefore, given any method of information presentation,
any class of languages which is tester-identifiable in the limit must also
be generator-identifiable in the limit. However, it is not possible to
effectively translate from generators to testers, even if we restrict our-
selves to recursive languages for which both are defined. Therefore,
it is possible for a method of information presentation to exist such that
& class of languages is generator identifiable in the limit but not tester
identifiable in the limit. An example of this is given in the next Section.
This subject is discussed further in Section 11.

The three variations of information presentation by informant are
equivalent. They are defined separately only in order to make this point.

3. LANGUAGE IDENTIFICATION RESULTS

For every pair consisting of one of the 12 learnability models together
With one of the language classes listed in Table I it has been determined
Whether the class of languages is identifiable in the limit. The language
?laSSes are listed in descending order, i.e., each class is properly contained
W the class above it. The dividing lines between identifiable in the limit
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TABLE I

DivIDING LINES BETWEEN LEARNABILITY AND
NONLEARNABILITY OF LANGUAGES

Learnability model Class of languages

Anomalous text® —
Recursively enumerable
recursive

Informant
Primitive recursive
Context-sensitive
Context-free
Regular
Superfinite

Text

Finite cardinality languages

« Anomalous text refers to the use of the generator-naming
relation and information presentation by means of primitive
recursive text.

and nonidentifiable in the limit are shown in the table. The classes of
languages below the dividing line shown for a given model of language
Jearnability are identifiable in the limit with respect to this model;
those above the dividing line are not. It is possible to represent the
results by means of dividing lines in this way because of the following
obvious facts: If a class of languages is identifiable in the limit with
respect to a given language Jearnability model, then the same holds
for any subelass; if a class is not identifiable in the limit, then the same
holds for any superclass.

In the table, “informant’ refers to any of the three variations of in-
formant together with either the generator- or tester-naming relation.
That is, the same results have been obtained, so far, for each of the six
language learnability models which utilize an informant. Of the six
language learnability models which utilize a text for information presen-
tation, five of them have given the same results, shown as “text” in the
table. The remaining model, shown as “anomalous text,” is primitive
recursive text with the generator-naming relation.

A super-finite class of languages denotes any class which contains all
languages of finite cardinality and at least one of infinite cardinality.

The anomalous model using a text is of no practical interest, but
three noteworthy conclusions can be drawn from it: (1) It shows that

1
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restrictions on the order of presentation of elements of the text can
greatly increase the learnability power of this method of information
presentation. (2) Note that the difference between a text and an in-
formant is that a text only presents the learner with positive instances,
namely, elements of the language, whereas an informant presents both
positive and negative instances. Therefore, one would expect the in-
formant to be more powerful. However, “anomalous text” is more
powerful than any of the “informant’” models, which shows that one
must carefully consider the details of the learnability model. (3) “Anom-
alous text” shows that the choice of naming relation ean make a dif-
ference since, in this case, the generator-naming relation is far more
powerful than tester.

4. IMPLICATIONS OF LANGUAGE LEARNABILITY RESULTS

To THE STUpY OF CHILD LEARNING OF LANGUAGE. Recently, psycho-
linguists have begun to study the acquisition of grammar by children
(c.g., McNeill, 1966). Those working in the field generally agree that
most children are rarely informed when they make grammatical errors,
and those that are informed take little heed. In other words, it is be-
lieved that it is possible to learn the syntax of a natural language solely
from positive instances, i.e., a “text.” However, the results presented
in the last Section show that only the most trivial class of languages
considered is learnable (in the sense of identification in the limit) from
text, neglecting “anomalous text.” If one accepts identification in the
limit as a model of learnability, then this conflict must lead to at least
one of the following conclusions:

1. The class of possible natural languages is much smaller than one
would expect from our present models of syntax. That is, even if Eng-
lish is context-sensitive, it is not true that any context-sensitive lan-
guage can occur naturally. Equivalently, we may say that the child
starts out with more information than that the language it will be pre-
sented is context-sensitive. In particular, the results on learnability
from text imply the following: The class of possible natural languages,
if it contains languages of infinite cardinality, cannot contain all lan-
Buages of finite cardinality.

2. The child receives negative instances by being corrected in a way
We do not recognize. If we can assume that the child receives both posi-
tive and negative instances, then it is being presented information by an
“informant.” The class of primitive recursive languages, which includes
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the class of context-sensitive languages, is identifiable in the lmit from
an informant. The child may receive the equivalent of negative in-
stances for the purpose of grammar acquisition when it does not get
the desired response to an utterance. It is difficult to interpret the actual
training program of a child in terms of the naive model of a language
assumed here.

3. There is an a priori restriction on the class of texts which can occur,
such as a restriction on the order of text presentation. The child may
Jearn that a certain string is not acceptable by the fact that it never
oeeurs in a certain context. This would constitute a negative instance.

To ArtiFICIAL INTELLIGENCE. The training program of an artificial
intelligence can certainly include an informant, whether or not children
receive negative instances. Therefore, the results of Table I show that a
Jearning algorithm can be constructed for the identification of primitive
recursive predicates on strings, which probably include all the predi-
cates children learn. However, for the purpose of efficiency it is still of
significance to determine what additional information may be available
to children, either in the form of an a priori restriction on the class of
predicates which can occur in natural languages, or in the form of in-
formation which can be obtained from the order of presentation of
naturally oceurring texts.

To thE CONSTRUCTION OF DiscOVERY PROCEDURES. Attempts have
been made to construct an algorithm for automatically generating a
phrase structure grammar for a language solely by analyzing a text of
the language. One approach (Lamb, 1961) uses the “distributional
analysis” of Harris (1951, 1964) and Hockett (1958). Namely, one asso-
ciates phrases which are found to occur in the same context, thereby
defining phrase categories and simultaneously enlarging the set of con-
toxts which can be considered equivalent; then one records how phrase
categories are constructed by concatenation of phrase categories.
Another approach which has been proposed (Solomonoff, 1964) uses
“identification by enumeration,” which is defined in Section 7.

These attempts suggest the question, “Is there enough information in
a text, even one of unlimited length, to allow the identification of a con-
text-free language?”’ The results presented in Seetion 3 show that it s
impossible to construct a learning algorithm for the entire class of
context-free languages if the only information is an arbitrary text. If
one wishes to assume restrictions on the order of presentation of the
text, then a successful learning algorithm must be sensitive to the order

1
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of the text. Thus, statistical approaches such as distributional analysis
are not suitable for this purpose. However, it would be useful to deter-
mine if there are interesting subclasses of the class of context-free lan-
guages which can be identified in the limit by either of these approaches.

5. IDENTIFICATION OF FUNCTIONS AND BLACK BOXES

This Section is a summary of the results of a previous paper (Gold,
1965) which is devoted to the learnability of two types of objects other
than languages:

Time Funcrion. At each time ¢, a time function produces an output, a
positive integer, which depends only on ¢. Formally, a time function is a
function of one variable which takes positive integers (time) into posi-
tive integers (outputs).

Brack Box. A black box has provision for an input at each time, as
well as an output. Each output is determined by the inputs that have
previously been applied to the black box. More precisely, let an alphabet
here signify either a finite set with at least two elements, or else the set
of positive integers. Then a black box consists of the following triple:
An input alphabet I; an output alphabet O; a black box function b
which takes input strings into the output alphabet, thereby determin-
ing the output at time ¢: 0, = b4y, - - -, 7,).

Thus, a time function is a special case of a black box. In the case of a
time function, o, depends only on ¢ and not on a previous input string.
A time function can be described as a black box with a degenerate input
alphabet consisting of one element.

Throughout the study of black box learnability, 7 and O are to be
considered as fixed alphabets, i.e., I and O are chosen a priori, and all
black boxes are to use these two alphabets.

In the case of time function learnability the following situation is
studied. The learner observes the successive outputs of a time function
and is to guess what function it is observing; that is, the learner consists
of an identity guessing algorithm @ which yields a guess g, at each time
tas to the identity of the time function, g, being determined by the out-
buts which the time function has produced so far: g, = G(o; , e, 0).

In the case of black box identification, the learner consists of an ex-
Perimenting algorithm E as well as an identity guessing algorithm G.
E determines the input which the learner will apply to the unknown
black box at any time as a function of the previous outputs of the black
box: ¢, = E(oy, ---, 0i-1). The identity guessing algorithm makes a



456 GOLD

TABLE 1I
DivipING LINES BETWEEN LEARNABILITY AND
NONLEARNABILITY FOR TIME FUNCTIONS AND
Brack BoxEs

Type of object Class of objects

Recursive

Time functions >
Primitive recursive

Black boxes
Finite automata

guess, at each time {, as to the identity of the black box: g, =
G(oy, -+, 00).

It is too much to require the learner to identify a black box in the
sense of finding its identity at the beginning of the experiment, { = 1.
This is because, for instance, the black box may be such that the first
input which the learner applies to it may trap the black box in a subset
of its possible states, so that the learner will never be able to determine
what the behavior of the black box would have been if its first input had
been different. Therefore, only weak learnability will be considered;
namely, the learner will be asked to predict, at each time, the future
behavior of the black box. That is, the learner is to guess the present
black box function, rather than that at ¢ = 1.

Only one model of time function learnability and one of black box
learnability will be considered. The method of information presentation
for each model was described above. As in the models of language learn-
ability, in both of these models “Jearnability”’ will signify ¢“jdentifica-
tion in the limit.” The naming relation will be the following: The names
of a time function, or of a black box (actually, its black box function),
will be taken to be those Turing machines which compute it.

Three classes each of time functions and of black boxes have been
considered. Table II shows which of these are identifiable in the limit.
As in Table I, the classes are listed in descending order in Table 1I.
Finite automata time functions denote ultimately periodic functions.

6. ABSTRACT MODEL OF IDENTIFICATION

An identification siluation consists of the following three items:

1. A class @ of objects. One of the objects will be chosen, the learner
will be presented information about it, and the learner is to figure out
which one it is.

e

























































